PHYSICAL REVIEW E VOLUME 57, NUMBER 5 MAY 1998

Beyond the harmonic bending theory of ionic surfactant interfaces
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There is now a broad understanding of how electrostatics, described by the nonlinear Poisson-Boltzmann
equation, contributes to the phenomenological coupllmending constants of the flexible surface model as
applied to ionic surfactant interfaces when the curvature energy density is truncated at harmonic order. Here,
we extend this to the constants associated with anharmonic terms, specifically at third order in the interfacial
curvatures, using model aggregates of spherical and cylindrical geometry. We analyze in detail the two limits
of excess added salt and counterions only, and also provide a simple construction for bridging these two
extremes using the theory df functions. Further, we investigate the asymptotic nature of the curvature
expansion for ionic membranes, showing that it progressively deteriorates as the aggregate curvature is in-
creased, and offer an alternative approximation scheme for the full free energy, using the method of Pade
approximants[S1063-651X98)00405-X]

PACS numbsgfs): 68.10.Et, 82.65.Dp, 62.20.Dc

[. INTRODUCTION butions in lifting the degeneracy of the harmonic bending

energies for such phases. In this context, it is important in

The flexible surface model of surfactant interfadd$  our view to find definitive criteria as to when the truncated
provides a useful phenomenological tool for the understandeurvature expansion fails to remain an adequate approxima-
ing of mesophases formed by amphiphilic molecules in sotion to the full system free energy, and indeed to resolve
lution. As a phenomenological theory, it offers insight into whether or not the addition of the first anharmonic correction
the physics of these systems by subsuming a great deal t#rms actually improves the situation significantly. The reso-
molecular detailboth in terms of structure and interactipns lution of this issue hinges fundamentally on the asymptotic
into its parameters. The aim of expressing these parametef@ture of the expansion. Thus the general aim is to test the
in terms of molecular quantities stems from a natural desir&/alidity of the commonly used curvature description, and to
to understand physical systems from a fundamental perspegiggest ways of extending the range of its applicability

tive, and also to allow a correspondence to experimentai/nere possible. _
variables(e.g., composition, temperatire be made. The study most closely related to the present one is con-

This goal has, in part, been achieved for ionic surfactan{ained in Ref[15], which employ; an undulating planar ge-
systems. Expansions of the Poisson-BoltzméRB) equa- ometry to deduce the electrostatic contribution to moduli as-

tion, a mean-field description of electrostatic interactions forsouated with fogrth-order terms.. Also, .M.CAV'MO] has
) : : : . calculated the third-order moduli in the limit of low surface
systems with charged interfaces and ions in solution, hav

. ) . : 8harge density, where the PB equation can be linearized
allowed the incorporation of electrostatic effects into the CUr,sing a general surface deformation, and de VFEH de-
vature descriptioi2—16]. Rather than give a detailed over-

¢ _ i ) rived scaling laws for one of the fourth-order mod(fhat
view here, we refer the reader to reviews as given in Refaggqciated with the square of the Gaussian curvatateof
[17] and the Introduction of Ref13]. Suffice it to say that  hese studies, while extending the traditional curvature ex-
within the PB description, we now understand how the bendpansion to anharmonic terms, have been restricted to the ex-
ing rigidity k., saddle-splay moduluk., and the product treme of excess electrolytg.e., effectively isolated inter-
k.Ho, whereH, is the membrane spontaneous curvature, befaces. In the current study we seek to carry this same
have as functions of salt and surfactant concentration, anextension in geometrical order across the full regime of sys-
the surface charge density of the interfacial film. tem composition(i.e., confinement

The three bending “constants” just described are the cou- To this end, we present herein several developments.
pling constants associated with an expansion of the curvaturéirst, we consider PB cell models of spherical and cylindri-
free energy density to harmonisecond order. While this cal aggregates, and deduce the electrostatic contribution to
has been considered an adequate description for many sythe moduli associated with third order in tlimonolayey
tems, the relative stability of certain phases, such as the bfilm curvatures. These contributions are derived without any
continuous cubicqg18], sponges and bicontinuous micro- limiting assumptions as to the composition, and are ex-
emulsions[19], and lamellar phases with passage defectpressed in a compact integral form. We then give explicit
[11], requires the extension of the scheme to higher ordergnalytical expressions for all moduli, up to third order, at the
an issue first considered by Mitd20]. In a recent review, two extremes of salt concentration, namely, excess salt and
Morse [21] has underscored the role of anharmonic contri-counterions only. Moreover, we present a method, based on
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the theory of6 functions, for developing the general formu-

d —1 1
las about these two limiting cases, providing greatly simpli- A= %: — 4k Hp+2(2k.+ kc)§+3()\1+ )\2)—2,
fied, yet highly accurate, approximations spanning all inter- J(1R) R
mediate salt concentrations. This technique, which (3b)
significantly reduces the computational difficulties in mOdel'respectiver.

ing ionic surfactant phases, is illustrated with the formulas

: : In the cell model, the system of ionic surfactant, 1:1 elec-
for the harmonic-order moduli.

trolyte and oil, is divided into identical cells, of either cylin-

as 1;2 g%t;et:\gee\fggﬂggiEhsocnlf%ﬂfﬁfﬁagﬂﬁfg d drical or spherical geometry. Each cell has a hydrocarbon
9 core sheathed with a surfactant monolayer, the charged

third orders, we compare its predictions with the exact nu- : ; . ;
merical solutions for F;he PB F<):ell models. The comparisongrOUpS of which are idealized as a uniform surface charge

. density — ¢ at radiusR. The surrounding electrolyte is con-
clearly demonstrates that, as the monolayer radius of curv%—ned by a concentric neutral boundary at radRis d. As-
ture is decrease(®.g., o around the Debye screening Iengthsuming a Boltzmann distribution of both counterions«)

in the case of excess shlthe harmonic truncation ceases to d coi the electrostati tentiak in R<r<R
remain a faithful representation of the free energy. Further2nd colons G_e), € electrostatic poten iah In R=r=
more, the improvement given by adding anharmonic correc-de must satisfy the Poisson-Bolizmann equation
tions eventually leads to even greater spurious divergences atdz do 4
these high curvatures. This is to be expected; however, here_’ﬂ X _lﬂ: ame. e _nc _

oh ¢ . . _ + [ exp(Bey)—n, exp(—Bey)],
we will provide an alternative scheme which may, in some dr2 I dr
cases, offer a remedy: the curvature expansion can be recast, (4)
using the method of Padapproximants, to provide a good )
approximation to the full electrostatic free energy over awheréx=1 for cylinders andy=2 for spheres. The bound-

much broader range of curvatures. ary conditions are
dy 4wo
IIl. BENDING ENERGY AND ELECTROSTATIC ar- s Ar=R (5a)
FREE ENERGY
We begin with the classical Helfrich Hamiltonigr], " d_‘ﬂzo at r=R+d. (5b)

where the local curvature energy per unit area of interfacial Tdr

surfaceg., expanded to harmonic order, is given by o _ N
The coefficientsn in Eq. (4) are the number densities of

counterions and coions at the cell boundary, and relate to the
chemical potentials of salt{;) and water fx,,).
For comparison with Eq(3) we require the electrostatic
whereH = (1/R; +1/R;)/2 andK=1/(R;R;) andRy, R, are  free energy per unit area of charged surfagg, and in
the two principal radii of curvature of the interface. particular its variation withR at fixed total area. In a previ-
We consider adding to this second-order description thgyys study{13] we derived the following convenient expres-

next-(i.e., third) order corrections derived by Mitd20]. In  sjon for the derivative with respect toR/
general, there are three such geometrical invariants at third

gc=2kc(H—Hp)?+ kK, (1)

order: the mean and Gaussian curvature prodtitsand Gel X € Rtd [R [ r\X]/dy)\?

HK, tpge.ther with the surface Laplacianldf leading to the Ag= J(1R) :m - fR dr TR arl

combination )
AH3+ N HK+A3VPV H. (20 which we shall make use of again here. With varyRgve

maintain a fixedr value and are free to impose a further two

Here V denotes the covariant differentiation given by the Constraints on th& dependence of the parametafs andd.
surface metrig22]. In this paper we shall focus on the first " Ref.[13], we addressed three scenarios of physical rel-
two of the three terms in Eq2). The Laplacian term can, in €vance. In the first case the chemical potentialsand u,,
precisely the same manner as the saddle-splay term in E§/€re both fixed, and accordingly the total amounts of salt
(1), be reduced to a contour integral around the boundary dfNs) and water ) could vary. The other two cases were
the surface via the divergence theorem. Accordingly, it doeéxed us andN,,, and fixedNs andN,, . In the present work
not enter into consideration for many geometries of interestWe focus on the first case, and thus fix on varyingR.
most importantly the cylindrical and spherical geometries Although Eq. (6) only explicitly involves the electric
which we shall address here. Combining Ed$.and(2), the field, it still requires the solution of the nonlinear PB equa-
curvature free energy expansion up to third order for thelion (4). This cannot be obtained analytically for finik
cylinder and sphere of radil® gives, on differentiation with €xcept for the special situation of the cylindrical geometry
respect to R, with no added saltr{® =0). In the following section we
assume thaR is sufficiently large that the equation can be
p 1 1 developed in powers of B/ about the planar statdRE ).
A= 99 __ 2kHo+Ke=+ =\ — (3a  Comparison with Eq(3) for the two geometries then permits
J(1R) identification of the electrostatic contribution to the general
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elastic constantk Hg, k., k_C N1, and\, of the curvature
expansion of Eqg1) and(2). We then solve Eq4) numeri-

cally at finiteR to compare the exact values of the derivative
in Eq. (6) with the asymptotic expansion. This allows us to

make conclusions, within the cell model, as to the rang® of

values over which each successive order of the asymptotic

expansion gives an accurate and useful approximation.

Ill. EVALUATION OF THE MODULI

A. Curvature expansion

In the planar reference state, denote the corresponding P

values ofn$ andd asnS ;andd,. We use the planar bound-

ary value of the counterion number density to define a length

. 112
Np=|—| . 7
° (27”‘&,0:892> "
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and ¢, is in turn a solution of
5~ 2[ g exp(po) +exp(— o) ]d,
’ ! 1 " 42
= _X¢1+XX¢0+§¢0¢1- (12

The perturbation in the potential is then inserted into &j).
to provide the corresponding developmentAqf in powers
(Ap/R)". The coefficients for=0 and 1 were derived in the
previous study13], while that fori=2 is given by

Do
- mfo dx ><{2X¢6¢£+X(¢1)2+(X—2)X¢6¢1

+Xf—1x2(¢a>2}. 13

The elimination of$; and ¢, from Eq.(13) follows from the

This length is then used to scale distance from the chargeshme procedure as was used previously and will not be de-

surfacex=(r —R)/\p, and the cell thicknes§ =d/\p, in

tailed here. Suffice it to say that the manipulation at this

both the cylindrical and spherical geometries, which we therhigher order is considerably more involved but again only

expand in ascending powers afy/R. So we write n<
=3{_on% i(A\p/R)" and D=3/_,Di(Ap/R)', where D,

relies upon the defining differential equatiofisl) and (12)
and not their explicit solutions. This elimination from Eqg.

the reduced potentiap= Bey, i.e., the coefficientsp;. In
particular, we need to expand to second order(,1,2) to
determine the set of elastic constahkg$lg, K., K, Mg, Ao

The reduced potential for the plangg, satisfies the dif-
ferential equation

0=2[ag exp (o) — exp(—¢o)], (8)

where the prime denotel¥dx. Here we have introduced the
ratio ap=n° ¢/n< o which ranges from Qfor counterions
only) to 1 (for excess salt The solution of Eq.(8) gives
elliptic integrals of the first kind-:

x=F(6g,ad?)—F(65,a3?), )
where exp ¢y/2)=sin 6, and 03 is the value off, at the
charged surface. Inverting this relation giveg(x) as the
logarithm of a Jacobi elliptic function, with the scaling
length\p given by the boundary conditiofba):

A
—2 — cotd(1— ap SirP6) M2
Ac

(10

Here, we have absorbed theonserveglvalue of o into the
Gouy-Chapman length gc=¢/(27Becd). The pair of pa-
rametersa, and 6 carried in Egs.(9) and (100 may be

readily eliminated in terms of the relevant pair of system

properties(mentioned aboveto be conserved on bending.

for the coefficient which, like those for=0 and 1, contains
only the derivatives ofs, and in particular, moments of the
square of the electric field for the plane

) D .
8(”(x)=J “dx X (b))%, (14)
X
B. Expressions at general system composition
In the previous study13] we showed that
kHo=————£1(0) (15)
© 7 8m(pe)?
and
—_ 8)\D
ke=— ————=E2(0). (16
¢ 4m(Be)? (

Moreover, the dependence &f (x) on the particular choice
of closure constraint canceled from E46), thus verifying
the general predictions of the pressure-profile appréagh
The formula fork, does, however, depend on which of the
three constraints is imposed. For the case of fixgdand
My, we found that

8)\D

_ Do ,,11 0)\2/ 41
0—477(38)2[ dx (¢g) G L(ENg). (17

0

We then perform the perturbation of the differential equa-

tion (4) together with the boundary conditiofS) to obtain
the next two correctionsp,(x) and ¢,(x) for both y=1
(cylinden and y=2 (spherg in terms of this planar solution.
For the case of conservation pf; and u,, (sonS ;=n$ ,
=0) ¢, must satisfy the differential equation

d1—2[ ag exp(po) +exp(—do)ldp1=—xds (11

The electrostatic contribution to the third-order modulus
\1 is obtained by equating the simplified form of E3) for
x=1 with the coefficient )\1/)\% from the curvature free
energy expansion Eq3a). Its partner\, is then isolated by
equating the simplification of Eq13) for y=2 to the coef-
ficient 3(\ 1+ )\2)/)\% from Eq. (3b). The final formula for
N IS



57 BEYOND THE HARMONIC BENDING THEORY OF IONC . .. 5697

2 The formulas for the general third-order moduli in Egs.

A=— “Ap [(5(0>/¢g)2+l[¢5 0—=(3)?] (18) and(19) in this excess-salt limit are given in Appendix
7(Be)? 3 A, where we also provide the previously established results
Do for kcHg, K¢, andk, . In addition, we have included there the
x[9°>/(¢5¢g)]3+J dx x(£9/¢pf)? corresponding formula for the modulus of one of the fourth-
0 order terms in the curvature free energy expansion. At fourth
Do order eight independent terms entgr, although for cylin-
+f dx (6(0))3/(¢(’))4]. (18)  drical or spherical geometries these reduce to the three prod-
0 ucts ofH andK [20],
Note that in the first two of the four terms, afl®) and 16k H*+ 4k, H2K + k3K?2, (21
derivatives of¢q should be evaluated at the charged surface
x=0. For\, we obtain Further, the latter two vanish for the cylinder so the next-
order correction to Eq3a) is just 4« /R3. The formula for
2 this modulusk, is given in Eq.(A8) and was obtained by
8)\D Do d . . . .
Ay= f dx (¢g) " L=—(EQEVIBY). (19 analyzing the anharmonlp undulations of an 'lsolated charged
m(Be)?Jo dx shee{15]. We shall consider the effect of this extra correc-

tion in subsequent sections, however we shall not go beyond
The formulas in Eqs(15)—(19) are general in the sense third order for the sphere. Note that the formu(ad)—(A8)
that no limitations have been imposed on the parametgrs Pertain to an arbitrary value of the ratio */Agc.
and 65 characterizing the planar-state solution in E§sand If the surface is weakly charged and/or highly screened
(10) [23]. In Ref.[13] we insertedd, into Egs.(15)—(17) (SO thatk /\gc<1) then all of the moduli in EqS(A3)~
and integrated numerically to generate the values of thes#\8) vanish according to the asymptotic form

electrostatic contributions t&.Hy, k., andk. for typical —(m+1)

: & K
ranges of added salt concentration, surfactant volume frac- C (22)
tion, and headgroup area. Values for the corresponding con- m(Be)? )\éc

tributions to the third-order modul, and\, can similarly

be obtained in a straightforward manner from Ed$) and  whereC is a number andhn is again the order of the expan-
(19), albeit with the restriction to the case of fixed and  sjon. The values o€ for k.Ho, k., fc N1, N, andk, are
M- However, in this study we shall focus on the two ex-1/8, 3/8,—1/4, —3/2, 1, and 63/256, respectively. In particu-
tremes of electrostatic screening, namely, the situations ifar, these scaling forms fox; and\, agree precisely with
which salt is either present in excessyE 1) or absent al-  the conclusions of McAvity10]. In this low charge limit the
together @,=0), while maintaining an arbitrargg. These PB equation can be linearized and F6) can be evaluated
two extremes are often experimentally relevant and well defor an arbitrary radiu®. For the sphere this gives the simple
scribe the general trends, with the advantage of yieldindebye-Hickel result

compact analytic formulas for the moduli. Most importantly,

these two end points of the, range admit analytic develop- € k12 1\ -2

ments which, owing to their rapid convergence, can be re- Ag=— —2( r) ( + ﬁ) (23
garded as essentially exact forms even at the lowest levels of 2m(pe)”\ hec

truncation.

while for the cylinder

C. Excess salt & (Kl 2[ R 2<[K0(KR) 2 1)
In this extreme the surfactant aggregate is effectively iso- o 27(Be)? )\_GC («R) K1(kR)
lated, i.e., the cell thicknesd, is infinite and the number
densitiesn ; at the cell boundary take on the bulk number KRKO(KR)] (24)
densityng of the 1:1 electrolyte. Accordingly, all three cases Ki(xkR) ]’

of constraints orug, uy,, Ng, N, mentioned above become N )
identical. It is now more convenient to switch fromg in Eq. ~ WhereKo andK, are the modified Bessel functions of the
(7) to a scaling length equal to one-half of this, the standardecond kind of orders 0 and 1. Expansion of the solutions in

Debye screening length powers ofx /R and matching to Eq(3) duly restores the
above results for the coefficien@ of these moduli and in-
€ 12 deed can be trivially extended to higher orders. For the
=l — (200 sphere the coefficient of R" 1, m=1, in Eq.(23) is given
8mng e by Eg.(22) with C=(—1)"m/2, so, in particularC=1/2 for

) ) ) ) the combination 16, +4«,+ k3 in Eq. (21). In the cylindri-
The mOdu|I a.f:e then funCtlonS Of. the -S|ng|e Var|ab|eca| geometry, Eq(24)’ the genera' formu'a for th@ corre-
K '\gc, aside from the dimensioned factor sponding to the power R™! is more complicated, but the
el[w(Be)?]x~ (™Y multiplying each, wheren is the order first few values can be calculated in a straightforward man-
of the curvature free energy terfne., m=1 for kcHo, M ner; we find thatC=—1/4, 3/8, —9/16, 63/64, and
=2 for k., andk, andm=3 for Ay and\,). —135/64 form=1 to 5, respectively.
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to the individual moduli, and hence to the cylinder expan-
sion, these combinations change sign and are nonmonotonic.

The dimensionless K +k. has a maximum of 0.301 at
k~Y\gc=1.77 and changes sign at 6.64. The corresponding
third-order suma 1+ X\, reaches a minimum of-0.095 at
k Y\gc=0.765, crosses the axis at 1.60, and attains its
maximum of 0.162 at 7.04. Thus for the sphere up to third
order, the range<” }/\gc divides into three intervals. As
k Y\gc increases beyond 1.6Qy, still increases from
1/R=0 but switches from downward to upward curving,
while beyond 6.64 it becomes decreasing frofR=0.
log1o (x-1/Acc) In the second part of Appendix A we use these foregoing
results as a basis for pseudo-closed formulas for the moduli
at arbitrary composition in Sec. Ill B. These formulas serve
to eradicate the unnecessary complications of integrating un-
wieldy elliptic functions, or resort to numerical methods.
This broadly applicable analytical technique proceeds by re-
placing elliptic functions withd functions, and accordingly
rewrites the slowly convergent seriesdg or 1— ay as pow-
02 ke + ke erfully converging expansions in the corresponding “nome”
[24]. The fundamentals have been described in detail by Nin-
0.4 ham and Parsegidr25] in the context of charge regulation
models; here we furnish only the final expressions. Equations
© 3 05 o 0.5 1 15 > (A9)—(A15) give the harmonic modulk;Hg, k., andKkc,
1010 (x-1/cc) trun_cated at the second power in the nome. These approxi-
mations remain extremely accurate frerg=1 down to be-
FIG. 1. Plots of(a) the six individual moduli considered in this 10W @o=1/2, thus spanning the majority of the parameter
study, andb) the two combined coefficients in spherical geometry, SPace from excess salt to counterions only.
for the case of salt in excess, ranging from low to high surface
charge. The common prefact@iven in the text has been removed D. Counterions only
from each.

@ 4 w05 o0 0.5 1 15 2

0.2

A1+ A2

In the absence of added salt there are no coions present,

In the opposite limit of high charge and weak screeningS0 thatnZ o, and ao, are zero. For this extreme the con-
(so thatk Y/Agc>1 and the PB equation cannot be linear- Straints of fixedus, Ny, and fixedNs, N,, become identical,
ized), all of the moduli diverge. The first-order modulus but remain distinct from the case of fixed, u, which we

k.H, diverges logarithmically, consider here. Although the scaling length in Eq. (7) is
now a natural analog of the excess-salt variable', we

e shall use the planar cell widtt, here and regard the moduli

keHo~ 2m(pe)? In (k *\go), (25 as functions of the ratioly/\ e With the dimensioned pre-

factor /[ w(Be)?]dy 1. In the first part of Appendix B we
and the higher-ordem(=2) coefficients follow the power- €valuate, andx, [Egs.(18) and (19)] in the counterions-

law form only regime, and also the corresponding expressions for
k.Ho, ke, andk; [from Egs.(15—(17)] using the same no-
c € —(m=-1) o8 tatioq. _ . _
w(ﬂe)ZK . (26) W!thout addgd §alt, the PB equation admits an analytic
solution for cylindrical symmetry26,14]
Here the value of the numerical factor for k;, K¢, A1, Ao, d¢ 2
andk is 1/2, — w216, —3/2, 216, and 53/192, respectively. ar= F{1— ytan[yIn (r/rg)]}. 27

In Fig. 1(a) the six moduli in Eqs(A3)—(A8) are plotted

over a broad range of /) g on a logarithmic scaléwith . L
their dimensioned prefactors/[ #(B€)2]x~ ™ removed The bounda_ry conditiong5) of the cylindrical cell model
then determine the two parameteysandrg, and for the

for comparisop. The moduli all maintain the same sign . ) . . .
throughout and monotonically increase in magnitude. By vir-current case of fixed chemical potentials the thickmiss

tue of the common power laws in Eq&2) and (26), the al_so_spgcified as a function Bf Ao andgc. In particular,
dimensionless ratio ;x/k,, Apx/ke, and xyx2/k, do not e_hmmatlngro andd, y must satisfy the transcendental equa-
vary markedly across this entire range, expx/K. rises tion
from 2.67 up to only 3.29. In Fig.(b) we plot the particular
combinations R.+ k., and \;+\, (again rendered dimen- y tan E(Yq 1)1/2}) :i +
sionless by omission of the prefactor mentioned above R Ac Aecy? 2
which enter into the sphere expansion in E&2p). In contrast (28

R 1 1\°*!
v In .
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The derivative in Eq(6) which we seek here is then given as

Ag=— —— 2+1—( R)2
° " an(pe?|’ No
—2(¥*~1) In %D(yzﬂ)m}

’yz‘l‘(R/)\GC_ 1)2

+2In
72-1—1

(29

I

We now introduce the assumption of larBé\, and deter-
mine the coefficients of the perturbatiop=(\p/R) !
+37 57 (A\p/R)" which meet Eq(28) at each order. Insert-
ing this perturbation into Eq29) and expanding, the result-
ing terms fori=0, 1, and 2 match precisely the prescription
in Eq. (38 using the formulas in Appendix B fdt.Hg, Kk,
and A, respectively. Further, if we proceed te=3 and
match the resulting coefficient of R? in Eq. (29) with the
prescription 4¢; from Eg. (21) then we obtain the electro-
static contribution to this fourth-order modulus. This for-
mula is given as EqB8), and thus provides the counterions-
only analog of the excess salt result in E48). Again, note
that, as for excess salt, EqB.1)—(B8) apply for all values of

If the system is weakly chargedi{/\gc<<1), then the
moduli in Egs.(B3)—(B8) adopt the asymptotic forms

m+1
€ dg

77(,89)2 )\(230 -

(30

The numerical factor€ for the six modulik ;H, k., E N,
\,, andk; are 1/24, 2/15;-1/30, —8/15, 13/90, and 8/105,
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0.4
koHo ke
0.2
O 12 16K‘1
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-0.2
ke
-0.4
(@ 4 05 0 0.5 1 15 2
logio (do/Aac)
0.15 e+ ke
0.1
0.05
0 \
A1+ A2
-0.05
-01
(b) -1 -05 0 05 1 1.5 2
logo (do/Aac)

FIG. 2. Analog of Fig. 1 for the opposing extreme of counter-
ions only, again ranging from weak to strong chaftiee so-called
“ideal gas” and “Gouy-Chapman” regimes, respectively

from a minimum of—0.150 atdy/\ gc=3.18 to a maximum

of —0.148 at 6.19. Also 16, reaches a maximum of 0.132

at 1.42 and passes through a minimum of 0.123 at 4.04. Note
that the curves for the four positive moduli all intersect

respectively. On the other hand, for highly charged surfacegrounddy/Agc=2.5 to 2.7. In particular, the pair of curves

(do/Ngc>1) the first-order modulu&:.H, becomes loga-
rithmic,

&
-~ —2 |n (dO/)\GC)'

31
2m(Be) &0

cHO

while the moduli for ordersn=2 follow the power law

’ € m—1

d
m(Be)? °

(32

The values ofC’ for k., E N1, N9, and k4 are now 0.178,

for k. and\, are almost superimposed throughout; the ratio
No/(k.dg) only varies between 0.933 and 1.08. Figu(b)2
shows the variation in the second- and third-order combina-

tions 2.+ k, and\;+\, (again in the same dimensionless
form) for the sphere in Eq3b). The trends here are quali-
tatively identical to those in Fig.(lh) for excess salt. The

curve for X.+k; has its maximum of 0.170 aly/A\gc
=3.58 and crosses the axis at 22.1. M-\, curve has its
minimum of —0.056 at 1.20, changes sign at 4.84, and rises
to its maximum value of 0.017 at 14.8. Accordingly, the
behavior ofA local to 1R=0 follows the three-stage pro-
gression for excess salt.

—0.564,—-0.170, 0.183, and 0.0091. Note that the scalings Note that the ratio- k¢ /K., which dictates the stability

(30—(32) are identical to those for excess sHigs. (22),
(25), (26)] on interchange ofl, and k1, as expected from
dimensionality.

Figure Za) displays the variation of the six moduli in Egs.

within the harmonic bending energy description, is around
3.2 in the high charge limifin which the electrostatics could

be expected to dominate the intrinsic contributions to the
moduli), both for excess salt and counterions only. Further,

(B3)—(B8) between these two limits. The dimension factorthe ratio —\,/\,, providing its analog at third order, dis-

(9/[7-r(,8e)2]d?,"’1 has been divided out of each, arg mul-
tiplied by 16 [as it occurs in Eq(21)] to become clearly

plays similar insensitivity at these two extremes, with a value
around one-third of that for- k. /K. .

visible on this common vertical scale. The moduli never In the second part of Appendix B the preceding analysis
change sign, but as opposed to Fi¢g)Ifor excess salt, the becomes the foundation for constructing simplified formulas
transitions between the two limits are no longer strictlyfor the bending moduli at arbitrary system composition,
monotonic. The dimensionleks has a maximum of 0.181 at which complement the results in Appendix A. Thefunc-
do/Ngc=22.3, while\,; passes through a very flat section tion technique operates in a completely analogous manner
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about this opposing extreme; the final formulaskgt, k.,  extreme. In doing so all formulg#2)—-(A8) and(B2)—(B8)
and k. are given in Egs(B9)—(B13). These expansions, will be used, giving developments of the sphere up to third
again truncated at the second power, suffice to maintain @rder and the cylinder to fourth order by adding tine=4
very high accuracy fronug=0 to beyonday=1/2. Thus, term 4%, /R® to Eq.(3a). To analyze in detail the deviation
when taken together, the two developments bridge the fulpf the exact derivativedg of ge from its asymptotics at
range of compositions and surface conditions. As one illussmall 1R it will also prove useful to take a second deriva-
tration of the utility of the formulas, in the highly charged tive, so the expansions in Eq8a) and (3b) become

limit (t,—c andzy— /2 in Appendixes A and B, respec-

fcively) the ratio —kc/k. is simply shown to monotonically ﬂ =k + —Ali + 12K1i ... (333
increase withr, from counterions only to excess salt. So the J(1R) 4°°R R?
abovementioned insensitivity of this stability ratio holds in-

dependently of the way in which the limits of vanishing sur- Ag _ 1

factant volume fraction and electrolyte concentration are (1R =2(2ketke) T8Nyt A+ (33D

reached.

for cylinders and spheres, respectively.

IV. COMPARISON WITH NUMERICAL SOLUTION For excess salt, in the limit of smak™/\gc, Ag Was
given by Egs.(23) and (24) for spheres and cylinders, and
comparison with their expansions, as discussed there, be-

In this section, we shall consider particular charged sysecomes a simple matter. In both geometries the coefficients of
tems and compare the exact free energy of their electrostatiddR™ * alternate in sign, however, the power series for the
with its contribution to the curvature free energy at the or-sphere has a radius of convergenrce/R=1 while that for
ders described in the preceding section. Since we have d#ie cylinder is strictly asymptotic. Instead we shall focus on
rived these contributions to the coefficients in Ef9.and  examples in which the nonlinearity is important, and we use
(2) (with the exception of\3) for an unspecified composi- a numerical procedure to generate the exaet/¢r)? from
tion, we could in principle relate this to any interfacial con- Eq. (4) for A4 in Eq. (6). We consider two such scenarios, in
figuration. However, we will limit our focus here to the cy- both of which the area per charged surfactant headgroup is
lindrical and spherical cells which gave rise to the modulitaken to be 67 & (and T=298 K for all examples hejeso
formulas, to avoid coupling the issue to the validity of thesethe Gouy-Chapman lengthgc=1.5 A. The bulk concentra-
models for real configurations. Thus, for a given value of thetion of added salt is 250 mM in the first example and 10 mM
radiusR, we directly compare thd,, in Eq. (6), using the in the second, so the Debye lengihis® are 6.1 A and 30 A,
exact solution of the PB equatiai@), with its asymptotic  respectively. The ratiosx Y/Agc are 4.1 and 20, thus
expansion in Eq3). Of course, for sufficiently small R'the  amounting to situations of moderate and weak screening. Re-
curve of A, will be approximated to increasing accuracy by calling Fig. 1(b), which displays three regimes with increas-
the succession of terms in E€Q), i.e., the constantfrom  ing x~ Y/ \gc based on the signs of the moduli combinations
order m=1), the straight line fi=2), the parabola rh for the sphere, these two examples lie in the second and third
=3), and so on. However, & is decreased the curvature regimes, respectively.
approximation must eventually break down, with successive The results for these concentrations of 250 mM and 10
terms introducing an increasingly powerful divergence. mM are summarized in Figs. 3 and 4, respectively. The parts

As in the preceding section we illustrate the behavior at da) and(b) of both display the second derivativa .,/ J(1/R)
general composition by analyzing the two extremes of excesfr cylinders and spheres, respectively, of relatively large
added salt and no added salt, addressing in particular the casalius ranging fromR=o down to R=5«"1. The dotted
of bending at fixed counterion chemical potential in the lattercurve (Num) is the exact numerical solution, while the solid

A. Curvature expansion
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curves (M) are the asymptotic expansions in E(&3) taken  grals of those presented in paf® and (b). Note that the
to curvature ordem. For the sphere casg) the constant exactA for the sphere in Fig. @) passes through a mini-

2(2k.+k¢) in Eq. (33b) switches from positive to negative mum, followed by an inflection poirfas in Fig. 3c)], on its
from Fig. 3 to 4 while the straight line slope %B{+\,) way to approaching zero. The main feature of these plots is
remains positive. Throughout this range Bf values the the increasingly dramatic deviations of successive orders of
curves for successive ordersrimyield increasingly accurate expansion ag~ /R rises to around order 1. Clearly the cur-
approximations to the exact curves, however, the deviationgature expansions become completely inappropriate as ap-
grow rapidly with decreasin®. The errors associated with proximations for this size of aggregate.
the highest ordersm=4 for the cylinder and 3 for the In the opposite extreme of no added salt we again con-
sphere, are all around 2% Rt=10«"! but have increased sider two examples, in both of which the planar cell widgh
substantially aR=5«"1. Also note that for both concentra- (the half thickness of the water layer in a lamellar phase
tions the third-order expansion is a better approximation fotaken to be 50 A. In the first example we assume one charge
the spheréb) than for the cylindefa). Although the plots in  per 300 A2, which might represent a smeared-out model for
Figs. 3@ and 4a) appear very similar, as do theiv) coun-  a monolayer of nonionic surfactant containing some anionic
terparts, one must bear in mind that the! values used in  surfactant. The Gouy-Chapman length is then 6.7 A and the
their scalings differ by a factor of 5. ratio dg/\gc="7.5, so from Eq.(B2) dy/Ap=1.39. In the

In Figs. 3¢) and 4c) we plot the first derivativé\ (the  second example we return to the previous value of one
cylinder is always above the sphgfeom the planar limit  charge per 67 A, and sody/Agc=34 and thusdy/Ap
down toR=0.5«"1, extending the range of /R in () and =1.53. As for the excess-salt examples, these dyt\ gc
(b) by an order of magnitude. The same labeling schemealues lie in the second and third regimes of sign combina-
applies, now with the solid curvesn) being the expansions tions for the sphere coefficients in Figtb2 The results for
to curvature ordem in Eq. (3), also including the cubic the area per charge values of 30¢ And 67 & are dis-
polynomial for the cylinder tan=4. Out tox"}/R=0.2 the  played in Figs. 5 and 6, respectively. These are plotted and
curves, which are difficult to distinguish, are just the inte-labeled in exactly the same manner as for excess salt, with
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the change fromk ™! to the commord, value throughout. We then proceed as before, demanding that the power series
The range for(a) and (b) now extends down t&R=2.5d,  expansion of this given form in R/ about the planar state
=125 A and down to 12.5 A iric). The basic shapes of all agrees with that foA, i.e., that already derived by match-
curves in Figs. 5 and 6 are the same as those in Figs. 3 andig to Eq.(3) (which is just the special ca$é=0), up to and
respectively. Again in part&) and(b) of Figs. 5 and 6 the including the power (R)M*N. This gives a system of linear
accuracy of the approximations to the exact value of thequations for theV + N+ 1 independent coefficients, and
second derivative improve uniformly with increasing orderbk_ For example, if the expansion in E¢a or (3b) is

m, with the error growing on decreasifigto around 2-4% |\ iten asS._~c.(1/R)X then the corresponding Pade-
at 125 A for the highest orders considered in each case. IBroximantPOk?(())r kc(ylingler or sphere is givpen byg @
2

Figs. 5c) and Gc) the same pattern of wild deviations is
apparent in the second half of thg/R range as the order of
expansion is increased, especially so for the cylindiee PO(R) = Co

upper of the two curve setg~or the sphere, the straight line 2 1—(cq/Co)(LIR) +[(C1/Co)2—Crlco](LR)2'
(m=2) approximation in Fig. &) and the constantnf=1) (35)

for Fig. 6(c) both remain quite reasonable over the whole

range displayed, but this is more by way of accident thanyith that for P obtained by removing the (R)? term from
true fit and will certainly not continue to smallét asAe  the denominator. Note that, since the Padefficients are
tends to zero. given directly in terms of the,, and hence the electrostatic
contribution to the elastic moduli, we are still using the same
curvature information, but now in a different manner.

Recall that in Sec. 11l we determined the electrostatic con- Note that in excess salt the Debyediel formula (23
tribution to the elastic moduli of the curvature free energyfor weakly charged spheres has precisely the form of a (0,2)
expansion in Eq9.1) and(2) by matching the coefficients of approximant in 1R, in which the denominator is a perfect
successive powers of R/in A; for cylinders and spheres, square. Thus, inserting into E@5) the coefficients from Eq.
Eq. (3), to those generated by the corresponding asymptoti¢3b) given by their forms in Eq(22), this Padeapproximant
expansion ofA, for the PB cell model in these two geom- reconstructs the exadty . For cylinders in this linear limit,
etries. We have now seen, through the preceding four exA in Eq. (24) is clearly not a rational function in R/[nei-
amples, that the resulting power series expansion is conther is the smalR asymptotic form— («R)? In (xR) of the
pletely unsuitable as an approximation to the exagtfor  braced paft however the approximants (0,1), (0,2), or
larger values of R. The only recourse in these circum- (1,2) could still be useful.
stances seems to be a numerical evaluation of the free en- We illustrate these Padapproximants using the same
ergy. However, we shall now describe a means of recastinfpur examples as shown in Figs. 3—6. For the first example,
the curvature expansion in E¢3) to extend its range of with 250 mM salt in excess) for the cylinder and sphere
applicability. In particular, we focus on the technique ofin Fig. 3(c) are replotted over the same rangexof'/R in
Padeapproximants. Figs. 1a and 7b) and compared to the approximants (0,1)

In this approach our functiol, is instead matched to a and (1,2), and (0,2), respectively. These approximants,
rational function in 1R; its (M,N) Padeapproximanﬂf’,'i,’I is  which are guaranteed to match the asymptotics at IRrge
order (1IR)M*N are no longer dominated by this powerRis

B. Padeapproximants

% a (1R increases, and follow the exact curve over most or all of the
o K range. For the cylinder in Fig.(&, even the simplest ap-
PM(R)= R — (34 proximant (0,1) remains reasonably accurate, with its error
b (LR rising in magnitude to around 5% as /R approaches 2.
k=0 The higher approximant (1,2), obtained by including the
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08 r—rT—T—T—T7————T 7T 7T again the best choice for the sphere, and is accurate to around
[ ] 10%. At the higher surface charge, the curve for the cylinder
[the upper in Fig. &)] is approximated within 1% by the
(1,2) form, while the error approaches 10% using (0,1).
Again, at such high charge the curve for the sphghe
lower in Fig. 6c)] cannot be fitted accurately using the (0,2)
approximant.

Although the cylindrical geometry with only counterions
present is exactly solvablgEgs. (27)—(29)] and so not di-
rectly in need of approximation, these four examples to-
gether illustrate the trends in the Paalgproach. Since the
approximants I1,N) either succeed or fail in both extremes

2 . (ap=0 and 1 over comparable regimes of surface potential
0 0.5 1 1.5 2 (i.e., 63), this suggests that these same forms apply across
(a) KR the entire range €@ ay<1 using thed function develop-
ments of the moduli formulas at general compositji&ius.
(19-(19].

A 1072 Jim]

V. DISCUSSION AND CONCLUDING REMARKS

As stated at the outset, one main purpose of mapping the
[ ] phenomenological bending energy approach to molecular
2 I - gquantities involves the practical matter of the analysis of ex-
i periments which either directly attempt to measure the bend-
ing moduli, or the interpretation of which relies on some
understanding of how the moduli depend on experimental
[ ] variables. There are numerous examples of both cases. A
S ] review of experimental work up to 1994 on measuring the
[ bending constants, particularly in AOTsodium bi$2-
Y- - N TP S ethylhexy) sulfosuccinatg systems, has been given by
0 0.5 1 15 2 Kellay etal. [27]. Since then, Kegeletal. [28] have
(b} kYR performed ellipsometric measurements of the bending rigid-
. ity of SDS (sodium dodecyl sulfajesystems, focusing
FIG. 7. PB cell models for 250 mM salt in excess anc_i a surfac-maimy on the scaling of the moduli with addition of an al-
tant headgroup area of 67°Aas for Fig. 3, now comparing the  coho| cosurfactant. More recently, Easteeal. [29] have
numerical solution(dotted with the Padeapproximants(@ (0.1)  5tempted to investigate specifically the electrostatic
(uppey and (1,2) (lowen for the cylinder, andb) (0,2) for the o winution to the bending moduli  ofn-alkyl-n-
sphere. dodecyldimethylammonium bromide microemulsion drop-
lets, using surface light scattering and small-angle neutron
fourth-order modulu$Eg. (A8)], is even better; the deviation scattering. Their work is a good example of how the results
is quite negligible for“!/R<1 and increases to around 3% we have presented herein can be of use. Eastaé. base
at the end point. For the spherical geometry in Fi@p),the  their experimental analysis on the Mitchell-Ninham-
accuracy of the (0,2) approximaiiq. (35)] is more impres- | ekkerkerkei[4,5] calculations of the bending moduli in ex-
sive still in its ability to capture the inflection i cess salalthough we do not agree with some of their as-
For the other three exampléBigs. 4-6 we shall briefly  sumptiong30]). Since Eastoet al.work over a range of salt
describe the Padgpproximants rather than showing full pic- concentrations, from zero to an excess of added salt, a uni-
tures. In the second example, with 10 mM salt in excess, théied treatment of their results requires the generalized formu-
exactAg for the cylinder[in Fig. 4(c)] is also accurately las (15—(17), for which the rapidly convergent seriéim
approximated by the (1,2) form; the error again rises toAppendixes A and B bridging these two extremes, can be
around 3% at~'/R=2. The (0,1) form has now lost accu- directly applied. Furthermore, the radii of the droplets are
racy and is more than 10% above the exact value at this end 20 A, and especially for the low salt concentrations, the
point, albeit a considerable improvement on the straight lingnarmonic approximation will break down. A reinterpretation
(m=2) approximation which uses the same two curvatureof these results in terms of the Pagtheme presented in Sec.
moduli k.Hy andk.. For the spherical geometry the (0,2) IV B would then be more appropriate.
form used in the first example ceases to be a good approxi- Another interesting development is the observation and
mation here, since its justification above via the Debye-rediction of “microvesicles,” formed by mixed ionic-
Huckel limit no longer applies to a sphere at such lownonionic surfactant systems with cosurfactant and water, by
screening. For the counterions-only example with the loweOberdisse, Porte, and co-worké8d]. We concur with their
surface charge, the approximants (0,1) and (1,2) for thessertion that these microvesicles are of too small radius for
cylinder both follow closely the exach, [Fig. 5c)] and  the harmonic truncation of the bending energy to be justified,
deviate by less than 5% up th/R=4. The (0,2) form is therefore necessitating a numerical solution of the PB cell
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model; we can suggest that the Pagproximants may also
be of value. As a general statement, however, it is not the \;=— >3 5
purpose of this paper to embark on a large-scale reinterpre- 6m(Be)” t5(ts+1)
tation of existing experimental data, and we mean here only (A6)
to give some indications of how our results may be utilized.

We reiterate that the aim of this study has been both t&"
extend and to test the limits of applicability of the curvature _2
description of ionic surfactant interfaces. The established de- o EK f‘” du u
pendence of the harmonic-order moduli on system param- 2 m(Be)2| Jin [+ ite—1)] [exp(u)—1]
eters has now been extended to their anharmonic analogs.
The determination of the range of applicability of the curva- 2(ts+2) ts+1
ture expansion at these successive orders is especially impor- to(ts+1) —-in 2 . (AD)
tant, given the scope for highly erroneous predjctions outside
these bounds. Also, we have investigated a Pstieme, The corresponding formula for the fourth-order modukys
which permits a modified curvature description to functionyas shown in a previous studgs] to be
well as an approximation to the full free energy, even at large
curvatures, and present it as an alternative to a purely nu- ex3 (te—1)
merical approach for dealing with highly curved aggregates. x,= S
This approach may provide yet a further reason to persist 192m(Be)? t3(ts+1)
with the highly successful curvature description of surfactant 3 2
mesophases. +64t;+ 1365+ 96t +24). (A8)

ek 2 ts—1
(=1 (9t4+ 1563+ 16t2+ 24t + 8)

to+1

In
t—1

5 (B3I+1402+ 1552+ 88t

We now turn to analyzing the bending moduli at general
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nomeq’ is given by

In excess salt¢y,=1) the Jacobi elliptic function for the
planar potentiakp, reduces to a hyperbolic. If we define the Where
scaled distanceX=«(r—R), where « ! is the Debye

screening length in Eq20), then the solution in Eq9) now , 1 1—k¥2 b
becomes =5 —1+k1’2 . (A9b)
$o=21In {tanh[(X+X)/2]}. (A1) we develop about the limk=1 in ascending powers af ;

in all subsequent equations the terms omitted are of order
Here we have switched from the parametgrto Xs, in  q’*.

terms of which Eq(10) becomes By analogy with Eq(20) we introduce the scaling length
Kgl, given in terms of the generaly in Eq. (7) as
cothX=t=[1+(k YAgo)?]¥2 (A2)

1
-1_ ’ 2
Equations(15)—(17) then give ®p =5(1+29"+--)"\p. (A10)

€ Using the charged boundary condition, phrased in(E@), it
keHo=———— In [(ts+1)/2], (A3) s convenient to define the auxiliary parametgfgeneraliz-

2m(fe) ing ts in Eq. (A2)],
- ekt fln[(ts+1>/21du u e tp=[1+(rp ha)®+8q" 2]+ - - (A11)
m(Be)?)o [exp(u)—1]

The expansions of Eq§15—(17) in terms ofq” andt, then

become

. ekl (ta—1)(tg+2) (A5)
¢ 2m(Be)?  ts(tst1l)

€
kcHo=m{ln [(ty+1)/2]—q'2(A>+2)+- - -},

and Eqgs.(18) and(19) become (A12)



(18) and(19) can be derived by following this same prescrip-

tion.
APPENDIX B: COUNTERIONS ONLY

In the absence of added séile., a;=0), the Jacobi el-

liptic function for ¢y degenerates to a simple trigonometric,

and Eq.(9) becomes
do=2In[cos(Dgy—x)]. (B1)

The additional relation(10) specifying the length\p,
throughDy=dy/\p, in terms of the ratialy/\ ¢ is then

DO tan DO:dO/)\GC' (BZ)
Equations(15)—(17) simplify to
&
kcHo=— ———[2In (cosDg) +D32], B3
Ho=— o2 In (cosDo +DF]. (B3
=% | 2 f%dtl (cost)+ 102} (B4)
= — n (cost)+ =Dg|,
¢ m(Be)? Dolo 3
d 1-D3 2
= "0 Jocos Do— ( ) sin Do+ —Dg}.
27(Be)? Do 3
(BS)

Equations(18) and(19) give the following formulas for the
third-order moduli:

A T é —1 {(1+3D2) MD,+2DE sin 4D
cos sin
17 (Be)2 D2 0 0 0 0

—4(1-6D3) cos Dy—4Dy(3—4D3) sin 2D,

+(3—3D3+8Dj)}, (B6)
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L L[t ost
=- Ue——r = n (cos
¢ m(pe)? o [exp(u)—1] m(Be)2 D3| Jo
+2(cos Dy+Dg sin 2D+ 1) In (cosD
+q AAY3+H2A) + - - |, (A13) ( o0 o1) In (cosDo)
2 3 o 2 S 4
+Dg cos Dy+Dj sin 2Dy+| Dg+ =Dg] ¢ -
and 6
_ (B7)
ekt (= D(tp+2) Lol [l 2 [t—-1
¢ 2|ty (t,+1 t,+1)  lt,+1 . -
2m(pe) |ttt D) P P Equations(B3), (B5), and (B6) have also been verified by
t,—1 using the exact solution for the cylindrical cell model with
—2A%+2A D) _Z(t 1 +--0, counterions only, in Eq927)—(29), and performing the ex-
pip p pansion in\p /R described in the main text. Continuing this
(A14) expansion up toXp/R)3 we obtain the following formula
o for the modulusk, associated with the free energy cost at
where we have used the abbreviation fourth order in mean curvatufsee Eq.(21)];
A=| ’2(tp+1) (A15)
=In — .
g t,—1 edd  1(1 .
k1= = ———— —12(2Do+Dg) cos D
Corresponding expansions for the third-order moduli in Eqgs. 327(Be)” Dy

1
- g(1—3D§—2Dg) sin 6D+ 2(2Do+D3) cos D,

—(1—4D35—3Dj) sin 4Do—

71 .
6D0—§D0 cos D,

1 , 106 ,\
+§ 1_27D0+TD0 sin 2D

16 , 36
+| 5 Do—2D3+ =DS| .

3 5 (B8)

Note that Eqs(B5)—(B8) all pertain to the constraint of fix-
ing the counterion chemical potential on bending.

To partner Eqs(A9)—(A15), we provide the analogous
function expansions of the general moduli formulas about
this opposing extreme of counterions only. We now develop
from k=0 in ascending powers of the nongg which is
given by Eq.(A9) with the primes removed and switched
to its complementary moduluk’=(1—k?)Y2 The terms
omitted in the expansions below are of ordgr

The auxiliary parameter is labelez}, [for comparison
with Dy in Eq. (B2)] and, from the charged boundary condi-
tion, is the solution of

zo(tan zo—4q sin 225+ 802 cosz, sin g+ - - - )=dg/Nge
(B9)

in the range from 0 ter/2. The expansions of Eq&L5)—(17)
are then given by

keHo=— L{[Z In (coszg) + 23]+ 8q(Z2— sirfzy)
¢ 41(Be)? ° °

—8q%(Z5—sirfzy cos Zg)+ - - -}, (B10)
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— ed 2 (2 1 29
kg=—2 _f dt In (cost)+= 72 +4P, y(codzy+ coszy+2) —32q2[2(3— Zzg)
m(Be)?||Zo]o 3
; 13 )\ sin 2z
o (2_‘_1 2_%) +(9+—z§) T2 2P, (8co€zy+1) codz,
q ZO 4 Z, !
3 Z
—2q2(1+ ‘_125_ sin ZZojL 1sin 420) L ] —P3gcodzg+codzy+2) |+ - - - ] (B12)
3 Z 4  z
(B11)
where
and
k o 1224 2Py, +80| 22+ 2, sin 22 P 22 (mP—12zd) S22 (g1
=——7 |35z —2Z5+2, sin =mn cos Zy—=(Mm*—n-z
= 2m(pe) 137 11] +80) 525+ 20 0 m,n 05 ( 0)
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